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HOW TO USE THIS PROJEC I 

This report on topology is divided into three 

sections. The first section is the actual reading' 

material. The second section is trre three inch 

column on th~ right hand side of each page, containing
,I 

two dimensional drawings to illustrate the text . T~e 

third sect on is three dimensi.onal renderings of 

certain two dimensional drawings . Drawings that 

are constructed in three dimensions are marked with-

asterisks. 

EXAMPLE : 

Later, mathematicians discovered a Klein bottle 

could be made by putting two Moebius strips togethero 

After reading the text and looking at the drawing, 

you would refer to the Klei~ bottle box and look 

at the three dimensional construction of the Klein 

bottle. 
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TOPOLOGY 

Topology is a s t udy of lines , dots , 

sides an edges of ge ometric figures . In 

topology. t wisting , bending, stretching and 

cutting o f g eomet ri c figures are a 1 ermissab l~. 

For examnle , ~ s uare and a rec tangle a re t opolo

~iCRlly eauivalent because ot h hav e four edges , 

four vertici es and one hole . 
We can ~lso use our alphabet f or tODO 

logical equivalencies . the letters C I J L.. M f\.I
I I I ,Ir L II, 

0, V)\J 1 VV, and 2. are e~uivalent . All have one 

line wit~out any enclosed regions . 

In topology lines are not necessar i ly 

straigh t. Tha t is why a Z is considered to 

possess one line . So , i f in Y'p~ular geometry 

'you wan ted .0 connect each of four do t s to every 

other dot with0ut crossing any line , you would 

find thq t it WqS imnos sible. However , i n to pology 

t,is can be executed successfully . 

When each d ot is connected to eve ry other 

do t , three lines meet at each dot . This is kn own 

as a network of degree three ~ If five lines met 

at every dot . it would be a network of degree f i ve . 

But until we earn more abou t topology. a network 

of degree five is impossib l e . 
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THE MOEBIUS STRIP 

A Moebius s trip is s imply a ring of pa pe r 

with a si gle twi 3t i n i t, but is has s ome v ery 

in t erest ing q alities and pr opert ies. The mo ebius 

s trip lacks orientab i l ity. Orientab i J ity is the 

ability to distinguish one side of a figure from 

the other. In other words, a moebius strip is 

a one-sided . one-edged piece on ~aper. To prove 

this . y ou wil find that if you start a t one po int 

with your fi nger and trace i t along t he paper. 

you wi ll eventually return to your original po int. 

If you cut a mo eb i us st rip i n half. directl y 

down the middle. you would t h ink t hat y ou would 

end up with two s eparate moebius s tr ips , but in 

fact , you e~d up with one band of Da per with twists~ 

t wo s ides and two edges. 

If y ou cu t a moebius s t r ip one t h ird 

~he way from the edge you get two bands of 

and they are looped. One is a moeb i u s t rip and 

the other is q double s i ded orientab le stri p, 

twice as long as the rigina1 stri p. 

If you were to cut a moebius strip one 

quart er of t he way from th e edge, you wou l d get 

two Jinked bands a gain. This time, one band 

would be a mo ebius s t rip with the same 
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lengt h as t he ori gi na l , and the other band is 

a regular band. except that it i s tw i ce as long 

as your or i ginal mo eb ius strip. 

A moebi us s trip makes some t h in s possible 

t hat are impos s jble on r egular paper. For 

example, if yo u wan ted to connect each of f i ve 

dots to every other on e on regu l ar pa er, you 

would f ind that you cann ot do so without c ross ing 

any lines . However. it is possible to do this 

on a moebius strip when y ou utilize its special 

properties . 

Another example of th i s is the fo l lowi ng : 

Three houses wish to receive gas, water and 

electricity without having any pipes or lines 

crossingo You wil l find that this is only 

possible when you use the moebius s trip. 

When coloring a map on a flat surface. 

only four colors are needed. But on a moebius 

strip, the least number of colors needed is six. 

Moebi\ s strips are used in machinery so 

that the rna erial w' l ' wear evenly . ? d also in 

tape recorders, for films. and even as ~~ i n ter

esting plot " twist" in science fic ti0n S ories. 

'1 0----- __----T-__~______ I 
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TOPOLOGIC EQUIVALENCIES 

If y ou were to draw a squ' re on a sheet 

of rubber, you could stretch ~he s quare i nto a 

plethora of d ifferent s .apes. But the number 

of ree-i ons wi ,hin the sauar would always re 

main the same -- one . When the number of regions 

remains he same , i t is ca11ed an invariant . I 

Topologists always lable an object 

according to the number of regions it posseses . 

I f an object possess es no holes. it is called 

a genus zero. If there is one hole it i s 

called a genus one , five holes -- genus five 

and so on. 
. , II 

A circle mu t be cut once to bec ome a 

genus zero. A pretzel must be cut three time~ 0 0£ 
to hecome a genus zero. There are some very 

unlikely shapes and obj ects that have the same: @ 
ge.us number. A doughnut and a coffee cup are 

both of genus 0.1e. Nothin is cut or t orn when 

c onverting a d ou~hnut into a coffee CUP I the 

material has only been reshaped. 

Georgia Betti was a topolo , ist who 

studied methods a cutting a minimum number 

of cu s to attain g ~nus zero. For example, a 
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square would have a Betti number one, because 

it takes one cut to make a square genus zero. 

A pretzel's Betti number is three. A sphere 

has the Betti number zero , since it is made of 

one piece and has no edges. If you were t o cut 

a hole through a sphere it would be in two pieces . 

I f you were to cut it in half , you would end up 

with two half spheres . 

There are some unljkely objects with 

the s e Betti number . A piece of paper and 
w~-t~ Q. ~(e.;f\ "t 

a hollow sphere~ are topologically equivalen t 

and have the same Betti number. Both have two 

sides ( the sphere has an inside and a~ outside) , 

one edge (the hole is the sphere's edge), and 

both have a Betti number of zero . The hole of 

the sphere in not considered a true topological 

hole because it does not g o t hrough the entire 

sphere Therefore, the sohere and the paper are 

topol ogicallyequiva1ent e 
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POLYHEDRONS 

T opolo~ is not restric t ed t o t wo dimen 

s i ons. Three dimensional f i ~ure~ can also have 

topologjcal pr oDerties. 

A regular polyhedron has all ~qual s jdes 

and equal angles . There are o~ly five r egular 

pc1yhedrons : tetrahedrons (four si es) , hex
! 

- I 

ahedrons (six sides) f oct edrons (eight sides) , 
I 

dodecahedrons ( twelve si des), and ic o ,-,~ahedrons 

(twenty sides). There are an infinite number of 

non-regular polyhedrons. because there is no 

restriction of the shapes of ~h e f aces. The 

more faces however, the closer the polyhedron 

comes to looking like a sphere. 

Why are there only five r egular noly 

hedrons? We ll ~ Ie s try an experi~ent to he PI 

answer this question. A tetrahedron has three 
. 


t riangl es at each ve rtex. If we add a triangle 
I 

to each vertex we set an oct hedron. Aa~ another 
I 

and we get an icosahedron . But, wh en we add I 
another at each vertex,th p paper won't be abl e 

to f old ~ So i t would be impGssible to add a 

t~ird dimension to the f i~lre. All we would get 

is a tiled DIane of triangl s . 

Similarly, if a fourth souare were added 

~ 
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to e8ch vert ex of a c ube, t he paper wou ldn' t be 
! 

a bl e t o f old i tself out of t he second dimensio~. 

All we wo uld get is a t iled 
I 

plane of souares. II 

I 
A regular pol h edron with hexagons wou l d 

I
not work because we would n eed th ree hexagon s at 

I 
l 

each v ertex, and there would be no w y t o fO ld' 

it i n t o t he th ird di mension . In fRC t, y ou ca nno t 

make a r egular polyhedron with more t han f ive 

si des on e~c h face. 

If we ex lore t he rela t 'onsh ip betw een 
f 

re[ular polyhedrons and t he numbers of th e i r parts ; 

FI GURE FACES VFF':'lrES EDGks 
Tetrahedron 
Hexahedron 
Octahedron 
Dodecahed ron 
Icosahedron 

4 
6 
8 

12 
20 

6 
8 
6 

20 
12 

6 
12 
1 2 
30 
30 

we see th_t t here can only be 6, 12 or 30 ""Of tiees. e~e.s, 
I n the hexahe dron and oct ahedr on t he numb er o~ 
v ertices and faces is revers ed. The s am e is true 

I 
for th e dodec hedron and t e ic os ahedron. Leonard 

Euler , a topol ogis t , though t 0 t h e fo l lowi ng I 
formu ] a for almos t a ny two or t hr ee dimensi onal 

figure: number of vert ices (V) + numb er of 

faces (F) number of edges ,(E) = 2 . 

Let us see if his f ormula i s a ppli cab l e to 

regular polyhedrons. 

tetrahedron 4 + 4 ,- 6 = 2 
=.hexahedron 6 + 8 12 2 
:::octahedron 8 + 6 - 12 2 
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TORUSES 

A orus i s no t hing more than a hollow 

doughnut. I t has t wo sides ( ins i de and ou t s i d e ), 
r 

but no edges. I t has one hole, so it is of g er us 

one. 

There are two~ays to mak e a torus . The 

f i rst is to take a piece of paper . rol l it in t o 
t 

a cyliner, and com1ect the t wo ends. The other. 

more di ~~icul t way 0 make a t orus . is t o rOl~ 
a piece of ~ aper into a cylintr and then conne'ct 

or 


the ends through the cyliner itself. I 
I 

As as said earlier. a minimum of fo ur 

colors are neede d to color a map on a flat surface, 

and six colors are needed on the moebius striP~ 
How many colors are needed t o color a map on 

a torus? Since all colors must wrap around 

the entire surface. one can assume that th t 

a swer is more t han s i x. In f ~ct. it is seven. 

The Betti number o f a torus is t wo -- one cut t o 
I 

t u rn it back into a cylinder, and one le:1gthwise 

cut to ma k e it a flat piece of paper again. I 
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'rHE KLEI N BO'rTLE 

A German ma tnemetic ian, Fe i x Klein , 

wanted to make a bottle wh ose inside was on i ts 
I

outside. Of c ourse, a " bot t le" like t h is would 

lonly be imaginary, bu t he dev ised a model of a

"Klein bo!tle" that could be construc t ed in 

reality . 

He thought,"If I take a horn-shaped 

object, cut a hole in the horn and s li p the I 

I
smaller end through th e hole and out the other 

end . and then cement ed the edge of the inner 

ho le to the edge of the outer hole, I would 

hav e ~ odel of my bott le" " 

Later . rna them<\t ic ians d':'sc overed a Kleib 

/" 

bot tlp could be made by putting two Moeb i us 

strips togf!thpr . By taking t wo moebius 

s t rOps that are mirro r images of each other , 

fo J ding each a t one point and tap i ng them to 

gether except a t the fold, you wi ll have a 

Kl ein bot t le 

./ 
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This project has only touched the surface of 

topologyo there is much, more that can be explored . 

working with the more abstract and complex fields of 

topo logy requires a wide knowled·a-e of algebra and geometry . 

some mathematicians believe that topology will lead to 

yet undiscovered fields of math and science. 




